Mean motion resonances play a fundamental role in the dynamics of the small bodies of the Solar System. The last decades of the 20th century gave us a detailed description of the dynamics as well as the process of capture of small bodies in coplanar or small inclination resonant orbits. More recently, semianalytical or numerical methods allowed us to explore the behavior of resonant motions for arbitrary inclination orbits. The emerging dynamics is very rich, including large orbital changes due to secular effects inside mean motion resonances. The process of capture in highly inclined or retrograde resonant orbits was addressed showing that the capture in retrograde resonances is more efficient than in direct ones. A new terminology appeared in order to characterize the properties of the resonances. Numerical explorations in the transneptunian region showed the relevance and the particular dynamics of the exterior resonances with Neptune which can account for some of the known high perihelion orbits in the scattered disk. Moreover, several asteroids evolving in resonance with planets other than Jupiter or Neptune were found and a large number of asteroids in three-body resonances were identified.
Introduction
An orbital resonance occurs when there is a commensurability between frequencies associated with the orbital motion of some bodies. These frequencies can include the mean motion n of the bodies (in which case we speak of a meanmotion resonance), or exclusively secular (low) frequencies associated with the long term evolution of the longitude of the nodes, Ω or the longitude of the perihelia, . In the dynamics of small Solar System bodies, these commensurabilities can generate two-body mean-motion resonances, involving the mean longitudes of the asteroid and one planet, three-body mean motion resonances, involving the mean longitudes of the asteroid and two planets, secular resonances involving longitudes of the perihelia and nodes and the Kozai-Lidov (KL) mechanism involving the asteroid's argument of the perihelion, ω = − Ω (Shevchenko, 2017) . A very concise but complete review on orbital resonances can be found in Malhotra (1998) . In this paper we will refer only to twobody mean motion resonances (hereafter 2BRs) and three-body mean motion resonances (hereafter 3BRs) or, in general, mean motion resonances (hereafter MMRs). We will focus on the main advances of the 21st century, for earlier reviews the reader may consult for example Nesvorný et al. (2002) , Malhotra (1998) or Peale (1976) .
When an asteroid, or more generally, a minor body is in a 2BR with a planet of mass m 1 their mean motions verify k 0 n 0 + k 1 n 1 ∼ 0 being n 0 and n 1 the mean motions of the minor body and the planet respectively and k 0 and k 1 small integers with different sign. In that case we say that the asteroid is in the resonance |k 1 | : |k 0 |. From theories developed and valid for low-inclination orbits it was proved that the resonance's strength is approximately proportional to m 1 e q , being e the orbital eccentricity of the resonant minor body and where q = |k 0 + k 1 | is the order of the resonance (Murray and Dermott, 1999) . It turns out that when considering low-inclination orbits, being e < 1, only low order resonances have dynamical interest (the high-order ones have negligible strength). The above criteria for resonant motion is just an approximation and the precise definition of the resonant state is given by the behavior of the critical angle σ = k 0 λ 0 + k 1 λ 1 + γ being λ i the quick varying mean longitudes and γ a slow evolving angle defined by a linear combination of the Ω i and i involved. A resonant motion is characterized by an oscillation, or libration, of the critical angle around a stable equilibrium point. In the low-inclination approximation they are located at σ = 0
• or σ = 180
• except for exterior resonances of the type 1:k and 1:1 resonances for which the locations depend on the orbital eccentricity, which is why they are known as asymmetric. A very special case of 2BR that has deserved a lot of attention along the history of celestial mechanics since Lagrange's times is the strong 1:1 resonance, that means coorbital objects like Jupiter's trojans and quasi-satellites.
On the other hand a minor body is in a 3BR with two planets of mass m 1 and m 2 when the mean motions verify k 0 n 0 + k 1 n 1 + k 2 n 2 ∼ 0. From theories developed for zero inclination orbits it was proved that the resonance's strength is approximately proportional to m 1 m 2 e q , where q = |k 0 + k 1 + k 2 | is the order of the resonance (Nesvorný and Morbidelli, 1999) . It is clear that being the masses expressed in units of solar masses the 3BRs are orders of magnitude weaker than 2BRs. It is important to stress that the 3BRs are not necessarily the result of the superposition of 2BRs between the intervening bodies as can be the case of the Galilean satellites of Jupiter or some extrasolar planetary systems . Three-body resonances exhibit also asymmetric equilibrium points as was showed by Gallardo (2014) .
The commensurabilities above mentioned generate, in the long term, mean planetary perturbations on the minor body that are very different from the per-turbations that a non resonant minor body experiences. The small planetary perturbation given at the right frequency gradually sums up instead of canceling out. Resonances do not emerge as instantaneous dynamical effects as, for example, a close encounter with a planet does. On the contrary, it is necessary to let the system evolve for several orbital revolutions in order that the minor body starts to feel the resonant gravitational potential.
The resonant motion is characterized by a regular small amplitude oscillation of the semi-major axis which preserves its mean value constant over time. This mean value is given by the corresponding mean motion n 0 defined by the resonant relation. These oscillations are correlated with oscillations in the orbital eccentricity and the librations of the critical angle σ. The frequency of the small amplitude oscillations are related to the resonance's strength: stronger resonances exhibit higher frequency oscillations (Ferraz-Mello, 2007) . These oscillations are a protective mechanism that guarantees the constancy of the semimajor axis in front of other perturbations that the object can be exposed to. In particular, a chaotic diffusion of semi-major axis is immediately stopped (at least temporarily) if a capture in MMR occurs. This process is very common when simulating the orbital dynamics of minor bodies. However, the long-term orbital evolution of the body inside the resonance can lead to major orbital changes in eccentricity and inclination, eventually bringing the small body close to collisions with other planets or the Sun. These large orbital variations are generated by secular mechanisms inside the resonance and not by the resonance itself. The secular mechanisms can be secular resonances, secondary resonances or the KL mechanism (Morbidelli, 2002) .
Resonances constitute a very rich dynamical problem that have captivated the astronomers contributing greatly to understanding the dynamics of planetary systems. A good review of the state of arts up to the beginning of 21st century can be found for example in Nesvorný et al. (2002) . The main advances in our knowledge of MMRs of the last years can be summarized in: a) the introduction of semi-analytical theories where the resonant disturbing function does not rely anymore on power series developments, b) a new terminology characterizing the resonances like stickiness, strength and mobility time, c) the generalization of existing models to large-inclination cases, d) the systematic study of the secular effects inside the resonances in the transneptunian region and e) the inclusion of other planets than Jupiter or Neptune into the scene and the study of three-body resonances. These points are detailed respectively in Sections 2 to 6.
It is known that constructing an histogram of the asteroid's osculating a the Kirkwood gaps show up. But an histogram of the proper a (Murray and Dermott, 1999; Knezevic et al., 2002 ) reveals a very rich structure in the main belt of asteroids due to the dynamical effects of the MMRs. Proper a are very close to mean a for resonant objects and consequently they are concentrated close to the nominal a of the resonance generating the observed concentrations. In the histogram showed in figure 1 we can find the classic gaps but also a succession of minor gaps and evident peaks associated to weak 2BRs and 3BRs mainly involving Mars, Jupiter and Saturn. These peaks and gaps are produced log (Strength) a (au) by temporary captures in MMRs. In a plot of proper e versus proper a the resonant structure is clearly shown for every resonance capable of producing some dynamical effect (figure 2). In this figure we can see that each resonance generates a peak at the nominal position of the resonance and small gaps at both sides.
Semianalytical perturbing function
The dynamical behavior of a resonant asteroid is determined by the resonant disturbing function, R(σ), which in a first approximation can be thought as the mean over some time interval of the gravitational perturbation of the planet on the asteroid. The disturbing function can be obtained by means of series expansions of the orbital elements followed by analytical averaging methods (Ferraz-Mello, 2007) . Such an explicit expression for R(σ) is very convenient for understanding the resonant dynamics, but as every series expansion, it is limited to restricted regions of the space of orbital elements. On the other hand, the increasing power of computers now allows to compute the disturbing function numerically, without using any series expansion. Even if the result is not as easy to use as an explicit expression, it is not restricted to particular domains. It can thus be used to obtain the equilibrium points and strengths of arbitrary resonances for minor bodies with arbitrary orbital elements (Gallardo, 2006 (Gallardo, , 2007a . The numerical computation of a disturbing function gives place to the socalled semianalytical methods, (see for example Bailey et al. (1992) ; Thomas and Morbidelli (1996) ). In these methods the system of differential equations of the analytical methods are preserved but whenever the disturbing function appears its calculation is done numerically. In the case of a resonant problem, the numerical calculation of R(σ) allows us to obtain a good description of the resonance.
That technique shows, for example, that the equilibrium points for highinclination orbits are considerably shifted from the classic values σ = 0
• obtained for near-zero inclinations orbits (figure 3). The picture of the resonant motion we have constructed for coplanar orbits offers now a wide diversity. Codes for the numerical computation of the resonant disturbing function can be found at www.fisica.edu.uy/∼gallardo/atlas/. Gallardo (2006) proposed to define SR(e, i) =< R > −R min , more or less the semiamplitude of the numerically computed R(σ), as proxy for the resonance's strength and using this criteria an atlas of 2BRs in the Solar System can be constructed easily. A very complex forest of 2BRs involving the terrestrial planets emerges for asteroids with a < 2 au and a beautiful regular pattern due to the exterior resonances with Neptune appears for a > 30 au (figure 4). This figure shows that beyond Neptune the resonances of the type 1:k and 2:k dominate because of their strength but also because they are isolated from other perturbing resonances. The known population of TNOs in exterior MMRs with Neptune has been increased with confirmed identifications up to the exterior 2:9 resonance at a ∼ 82 au Bannister et al., 2016) .
Linking strength with width, stickiness and average time lead/lag
The maximum amplitude of the librations of the critical angle and the semimajor axis define an interval in au where the resonance dominates. This can be seen for example in figure 1 of Nesvorný et al. (2002) . The width of a MMR is the extension in au covered by the resonance around its nominal position in semimajor axis defined by n 0 . For low-inclination orbits it goes approximately with e q and consequently vanishes for near zero eccentricity orbits. Inside this region the critical angle σ oscillates and outside these limits it circulates being the limiting curve the separatrix (Nesvorný et al., 2002) . When considering a single perturbing term, it is possible to correlate the strength SR with the resonance's width as has been done by Soja et al. (2011) in the framework of a study of meteoroid streams.
The stickiness can be defined as the ability of the resonance to retain minor bodies evolving inside or outside the resonance domains but sticked to the borders. In these situations the critical angle shows circulations or very large amplitude oscillations but the dynamical effects of the resonance are present and they do not allow the semimajor axis to evolve from the proximities of the resonance. It is a chaotic evolution which makes the semimajor axis to evolve switching between both sides of the resonance, sometimes at the right and sometimes at the left of the resonance. An asteroid experiencing a continuous variation ∆a in its semimajor axis due to Yarkovsky's effect (Bottke et al., 2006) , when reaching a resonance, will be retained in a sticked motion during an interval of time that is related to the resonance's strength. This was first studied systematically by Lykawka and Mukai (2007) in the transneptunian region obtaining a very good correspondence between the resonance's strength and the time evolving in sticking.
The average time lead/lag, < dtr >, was introduced by MilićŽitnik and Novaković (2016) in the context of a study of the orbital evolution of asteroids under the Yarkovsky effect. They observed that an asteroid with a varying a, due for example to Yarkovsky's effect and regardless the sign of ∆a, when encountering a resonance is either retained or expelled from the resonance in a time scale related to the resonance's strength. Then, the resonance's strength not only can slow down the time variations of the asteroid semimajor axis by means of sticking but also can accelerate it jumping the resonance.
High-inclination orbits
The publication of new analytical expansions for non planar resonant problems (for example Roig et al. (1998) ; Ellis and Murray (2000) ) stimulated the analytical studies of the resonant motion for orbits with large mutual inclination and, very recently, the problem of the extreme cases of planar retrograde and polar resonances (Morais and Namouni, 2013b; Namouni and Morais, 2017) . Surprisingly, an object with almost planar retrograde orbit in resonance 1:1 with Jupiter was discovered following very closely the predictions (Wiegert et al., 2017) . Moreover, numerical experiments show that captures in retrograde res-onances with Jupiter and Saturn are very common for fictitious test particles (Morais and Namouni, 2013a; Namouni and Morais, 2015) . In particular it was showed that the capture of long period comets in exterior resonances of the type 1:k with Jupiter is very frequent, up to the resonance 1:21 (Fernández et al., 2016) . Figure 5 represents the orbital states of the population of long period comets with perihelion < 2.5 au plus clones integrated numerically for 4 Myrs. The concentration of orbital states around some defined values of < a > are due to the capture in exterior resonances with Jupiter and they occur more frequently for retrograde orbits. This highlights the fact that the resonances are not limited to low-inclination orbits and, on the contrary, are very relevant in orbits with large inclinations. Indeed, these studies show that retrograde resonant orbits are frequent for comets and centaurs evolving between the giant planets (Fernández et al., 2017 ). The resonance's strength SR(e, i) for arbitrary inclinations can be explored following the numerical approach proposed by Gallardo (2006) . For example figure 6 shows SR(e, i) for the 3:1 resonance with Jupiter. We can verify that for low-inclination orbits SR ∝ e q as planar theories predicted, but for large inclinations this behavior is not verified anymore, and in particular, for 60
• the strength is almost independent of the eccentricity. Moreover, for i ∼ 180
• it is remarkable that the dependence of SR with the eccentricity is steeper than e q , as was demonstrated for the coplanar retrograde resonances by Morais and Giuppone (2012) . 
Long term evolution
The long term secular evolution of asteroids inside 2BRs with Jupiter was very well documented in the past starting from the pioneer works by Wisdom (1982) and Wisdom (1985) . In the last years a good progress has been done in the theory of the long term evolution of TNOs in resonance with Neptune (see for exampleŠidlichovský (2005)). There were reported large eccentricity and inclination changes associated with the Kozai-Lidov mechanism inside the MMRs (Gomes et al., 2005; Gallardo et al., 2012; Saillenfest and Lari, 2017) . The exterior resonances with Neptune by themselves cannot produce more than a small oscillation in the eccentricity in timescales of 10 4 years but once the TNO is captured in resonance very often the KL mechanism appears driving large orbital changes in very long timescales (10 8 yrs). Figure 7 shows the orbital states from a numerical integration of fictitious particles with initial perihelia close to Neptune that temporarily decoupled from the planet rising their perihelia due to the simultaneous action of 1:k exterior resonances with Neptune and the KL mechanism. It was also showed that, except for some particular inclinations around 63 or 117 degrees, non resonant orbits cannot experience large orbital changes. On the contrary, large orbital changes are very common in the case of resonant ones (Gallardo et al., 2012; Saillenfest et al., 2016 . Large eccentricity TNOs are easily captured in 2BRs with Neptune because the resonance's strength is large for large eccentricities. Once they are trapped in a 2BR the KL mechanism may appear driving the eccentricity to oscillate slowly and with large amplitude and eventually diminishing to a value small enough to break the resonant motion due to the drop in the resonance's strength or due to the change in the topology of the resonance (Gomes et al., 2005; Brasil et al., 2014; . In consequence, the object remains in the transneptunian region in an hibernation state with very large perihelion distance, avoiding close encounters with Neptune. This is the mechanism that was proposed to explain the existence of eccentric large perihelion TNOs decoupled from Neptune (Gomes et al., 2005) , leaving aside theories invoking an unknown planet. In particular showed that almost all known distant TNOs are located near 2BRs with Neptune in a configuration that could lead to large orbital variations due to the KL mechanism with the exceptions of 2012 VP113 and Sedna. 6. Three-body resonances and more planets come into play While Jupiter's resonant population was very well documented in the past, more recently considerable progress has been done in the study of Neptune's resonant population (Gladman et al., 2012; Volk et al., 2016) . Although along the years there were found individual asteroids in resonance with some terrestrial planets, only recently a large population of asteroids was identified in resonance with Mars (Gallardo, 2007b; Gallardo et al., 2011) , as well as some in resonance with Venus, Earth, Saturn and Uranus (Gallardo, 2006; Connors et al., 2008;  de la Fuente Marcos and de la Fuente Marcos, 2013) and tens of asteroids in coorbital motion with Ceres and Vesta (Christou and Wiegert, 2012) . Ceres and Vesta also imprint a secular dynamics on some asteroids as showed by Tsirvoulis and Novaković (2016) .
Just after the study of resonances generated by massive bodies other than Jupiter or Neptune started another type of MMR gained attention: resonances involving two perturbing planets, referred to as 3BRs in this paper. When trying to obtain the resonant disturbing function for an asteroid in a 3BR with two planets we will face a very complicated problem. So complicated that analytical expressions have been obtained for the planar case only (Nesvorný and Morbidelli, 1999) . In the case of the 2BRs the disturbing function can be obtained assuming fixed orbits for the two bodies, but in order to obtain the disturbing function of a 3BR it is necessary to take into account the mutual perturbations between the three bodies. In spite of the weaker nature of the 3BRs they are more dense originating a large amount of asteroids evolving in 3BRs mainly with Jupiter and Saturn (Smirnov and Shevchenko, 2013; Smirnov et al., 2017) . The traces of 3BR were even investigated in meteoroid streams Sekhar et al. (2016) .
In order to obtain a practical tool for studying the 3BRs in the space of all orbital parameters Gallardo (2014) proposed a semianalytical method to estimate the resonant disturbing function R(σ) and the resonance's strength. In analogy to 2BRs, following this method, it was possible to construct an atlas of 3BRs in the Solar System. The 3BRs involving Jupiter and Saturn account for several peaks of the histogram of proper a in figure 1 which are not related to 2BRs (Gallardo, 2014) . Even if the 3BRs are very weak, the dynamics they can produce are very rich and still poorly understood. It is interesting to note that there exist zero order 3BRs, that means q = |k 0 + k 1 + k 2 | = 0, a situation that for the 2BRs is restricted only to the coorbital motion, that means, the resonance 1:1. Zero order 3BRs have resonance strength independent of the orbital eccentricity. This has a profound significance: zero eccentricity coplanar orbits could be more affected by 3BRs than by 2BRs because 2BRs for zero eccentricity coplanar orbits have zero strength. In the case of the Solar System, it can be found that near a 3BR that involves Jupiter and Saturn, a high-order 2BR with Jupiter or Saturn may also be present as shown in the figure 8. This can happen because the giant planets are close to mutual MMRs. Figure 8 shows a dynamical map, representing variations in mean a, of a region in the main belt showing two near MMRs that can be identified in figure 2: the 2BR 11:5 with Jupiter and the 3BR 1-3J+2S involving Jupiter and Saturn. The corresponding critical angle for this 3BR is σ = λ 0 −3λ J +2λ S . We can verify in the figure that the width or strength of this 3BR is independent of the eccentricity because it is of zero order, while the corresponding width or strength for the 2BR vanishes with e because it is a high order resonance. Only for illustration, the position of the asteroid 9864 evolving in the resonance 1-3J+2S is showed in the map. An extensive survey of asteroids and TNOs in 3BRs with the planets in the Solar System was recently done by Smirnov et al. (2017) . According to this work the most populated 3BRs in the asteroid belt are 2-5J +2S, 1-3J+2S, 1-4J +2S and 1-3J +1S, each one with more than a thousand asteroids, and in the transneptunian region the zero order resonance 2 +1U-3N houses 3 objects. The interaction between 2BRs and 3BRs is a complex problem that has not been studied yet but that certainly leads to chaotic diffusion. In fact figure 9 shows that the long lived asteroid belt is located inside a region with the lowest density of MMRs. 
Conclusion
Capture in resonance is a common orbital state that gives some stability, at least temporarily, to minor bodies experiencing orbital diffusion between the planets. In this period, numerical simulations and semi-analytical methods showed the relevance of the exterior resonances of the type 1:k and 2:k in particular with Jupiter and Neptune. It was found that other planets also imprint resonant signatures on asteroids and TNOs and the subtle presence of the 3BRs was exposed. Properties such as width, strength, stickiness and time lead/lag have been characterized, finding that all them are correlated. Semi-analytical methods have been successful in describing the long term dynamics inside MMRs and studies devoted to high-inclination resonant orbits showed a very different panorama with respect to the planar case. Details of the process of capture in resonance depends on the resonance's strength, the other perturbations affecting the minor body and the topology of the resonances in the spatial case. The characterization of the full three dimensional structure in the space (a, e, i) of the MMRs and the study of the process of capture in that space are some of the next challenges. Surely, in order to achieve these objectives, advances in the knowledge of the dynamics of resonant extrasolar systems will also play an important role.
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